Using the Limit Definition to find the Derivative

The Process:

1. Identify f(x).
2. Substitute and find f(x + h).
3. Substitute these into the limit definition (difference quotient)
4. Simplify
5. Substitute h= 0 into the remaining pieces and simplify
6. The result is the derivative of your function.
Sympo]ic Examp]e; Quadratic Example:

f'(x) = M; where f(x) is differential.

Example:
flx)=ax?*+bx+c

flx+h) =alx+h)?+b(x+h)+c
=a(x?+2xh + h®>) + bx + bh + ¢
= ax?+ 2axh + ah? + bx + bh + ¢

Using the definition- limit of the difference quotient:
f'(x) = W; substitute and simplify.

. [atx+h)?+b(x+h)+c]— (ax? + bx +¢)
i h

limaxz+2axh+ah2+bx+bh+c—(ax2+bx+c)

h=0 h

Distribute and group like terms.

i (@X% = ax?) + 2axh + ah® + (bx — bx) + bh+ (c — ¢)

h=0 h

Caxt—ax) + 2axh + ah® +{bx—bx)+ bh +{e—)

lim

h -0 h
2axh+ah®+bh , ,
AII‘I}) — Note: only terms with an h should remain.
-

Reduce the fraction before applying the limit.

. kQax +ah +Db)
lim ——
h -0 h

Apply the limit

}llirr})(Zax +ah+b)=2ax+ a(0)+ b

Thus, f'(x) = 2ax+ b

Given: f(x) = 5x% + 3x + 12, what is f'(x)?

f(x) =5x%+3x + 12,

flx+h)=5x+h)?+3(x+h)+12
=52+ 2xh+h?) +3x+3h+12
= 5x2 + 10xh + 5h? + 3x + 3h + 12

Using the definition- difference quotient:
f'(x) = }lirré W; substitute and simplify.

i 5x2 + 10xh + 5h? + 3x + 3h + 12 — (5x2 + 3x + 12)
m
h—-0 h

Distribute and group like terms

. 5x?+10xh +5h? +3x +3h +12 —5x% —3x — 12
i h

i (5x% — 5x2) 4 10xh 4 5h2 + (3x — 3x) + 3h + (12 — 12)
1m
h—-0 h

Sx2—5x2) + 10xh + 5h? + 3% —3%)+ 3h +12—12)

Nm h
. 10xh+5h%+3h

lim —————

h—0 h

Reduce the fraction before applying limit

y 10xh+5h;‘+3h
ek P

lim( 10x + 5h + 3)
h-0

Apply the limit

}EH(I)( 10x + 5h 4+ 3) = 10x + 5(0) + 3

f(x) =10x + 3




Radical Example (using the conjugate):

f) = Vx
fx+h)=Vx+h

f'G0) = lim w : by definition

lim

Vx+h—vx
h-0 h ’

To simplify this, we can use the conjugate.

lim(\/x+h—\/§) *(x/x+h+\/§)
h=0 h Vx+h+Vx)

*Foil out the top and simplify it. Do not foil out the
bottom. Keep the components separate.

 Vx+hVx+h—Vx+ h/x +Vx+ hvx —VXVX

m

h=0 h(Vx+h+Vx)

 Vx+ hVx + h — bbb + bet+hbe — VXX

m

r=0 h(Vx+ h+ vX)

. (x+h)—x | . . e
}113% PACE TNk continue simplifying

. h
}llir(l) PRETT NS reduce the h terms

h
l' - @
hl-rgh(\/x +h+x)
. 1 . ..
}ll_l')l(l) m, apply the limit

lim;—i— '(x)
h>0 (JmHz)‘z&‘f .

Trigonometry Example
f(x) = sin(x)

f(x + h) = sin(x + h)

' _ i SR (0) | -
f'x) = }ll_r)r(l) ———,——— ; by definition

~ sin(x + h) — sin(x)
lim
h—0 h
To simplify this one, we need to remember a few more

formulas from the trig identities.
sin(a + b) = sin(a)cos(b) + cos(a)sin(b)

.___sinx . cos(x)—1
lim =1 lim cos(x)—1
x-0 X x—0 X

=0

Applying the sum formula, we have:

sin(x) cos(h) + cos(x) sin (h) — sin(x)
oo h

We can do some grouping, with the formulas in mind.

sin(x)cos(h) — sin(x)

cos(x)sin(h)
h—0 h ) h

sin(x)[cos(h) — 1] cos(x)sin(h)
hirtl) h h—r»r(l) h

sin(x) cos(h)—l] ~cos( sin(h)]
o I r J

}ll—>0 L h

}liir(l)[sin(x) (0) + cos(x) (1)]

f'(x) = cos (x)

You Try:

1. f(x) =2x+ 4
2. f(x)=2x2+5x-3

Solutions:
1. f(x)=2 2 f'(x) =4x + 5

3.f'00) = 7=

3f@ =%
4. f(x) = cos(x)

4. f'(x) = —sin (x)




