The Delta-Epsilon Way
Introduction to Limits/Closeness

The Concept - A number L is called the limit of a function f(x) as the value of x
approaches some constant ¢ when the following condition is true: if for every positive
number € (epsilon), there exists an associated positive number 0 (delta) such that if the
distance between ¢ and x is less than d, then the distance between the number L and f(x)
is less than e. In other words,

|f(x)-L| <& whenever 0< Ix—-cl <o

(See diagram below.)

Example #1
The Problem:

Verify the existence of the following limit.
lim (2x—-1)=3

x—2

The Procedure:

Given g find a dgiven that f(x)=2x-1, ¢=2, and L=3. Use If(x)—LI| <& (which means:
L —e< f(x) < L + & see diagram below) to find a 6. (Note: 0 is usually written as an expression in
terms of &)

Graphical Interpretation:

fiz) f(x)=2x-1 )= 2x-1
(2-8,34e)
[zee Hght for B | (@l )
S Lo enlargement)
[
= (23]
[
) 4 2-8,3-
3 il : 8 & (248, 3-¢)
|Z} | | |
I '2 I

The Math:



Need to show that: for every ¢ there exists a d such that

|Ax)=3| < ¢
(what is given)
The Proof:
-1 < ¢
2x-1)-3| < ¢
2x—-4| < €

R(x=2)| < &

whenever 0<pk-2/<d
(need to verify)
Hint #1: substitute for f(x) and L.
Hint #2: manipulate |f(x) —L| (using algebra)

so that it looks like |x —c¢| < 0.

€ -
k—2| < 5 Nowlet()zj
=2 <0 Hint #3: We must finally obtain the form |x — 2| < 0.
Example #2
The Problem: Verify the existence of the following limit.

__ 6x%4x~2
lim
x—>2 3x+2

The Procedure: Always factor the numerator and denominator to see if any cancellations

ocCcur.
The Solution:
6x*+x—2
lim
x—2 3x+2
= lim ( N2x - 1)] Hint: cancel factors.
x—2 3x+2
= lim (2x—1)
x—2
Example #3

The Problem:

Given that flx) = x2 +x—7, verifythat |3 f(x)=5.

x—3



The Procedure:

Given |flx)—5|< ¢ finda dsuch that 0 <|x—3|< &

The Proof:

step #1: |fAx)-L| < ¢ Hint #1: substitute for f(x) and L.
step #2: 2 +x-7)-5| < ¢

step #3: 2 +x-12| < ¢

step #4: be+4| - k-3 < ¢

Since x — 3 in our problem, we can assume that x is close to 3. So. since x is in the vicinity of 3.
assume that [x — 3| < 1 (1.e., the distance between x and 3 1s less than or equal to 1). This is done for
convenience and is sometimes called a preliminary assumption.

step #3: =3 <1
step #6: -1 =x-3<=1 Hint #2: isolate x by adding 3 to all parts.
step #7: 2L2x%4

So. 2 and 4 are the extreme values for x. Now, choose the extreme value that will make |x + 4| the

largest. This is done in order to make the quantity ﬁ the smallest. So, [2+4|=6 or |4 +4|=38;
X+

we pick x =4 since 8§ > 6.
step #8: bk+4] - -3| < ¢ (from step #4)
step #9: |4+ 4| -

x—3| < ¢
step #10: 8) x-3| <e

step #11: e-3| <3



In step #5 it was assumed that | x — 3| <1, and in step #11 the result was |x -3 | <

8 .

To ensure that

L . . £ . ..
lx — 3| < 0 implies that [f{x) — 5| < & we need dto be the minimum of 1 and e 1.e.. 0 1s smaller of

1 and g So. let

8 =min(L, )




